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Abstract

This paper presents a case study, examining the influence of a sharp bimaterial interface on the effective crack driving
force in a fracture mechanics specimen. The inhomogeneity of the elastic modulus in linear elastic and non-hardening
and hardening elastic–plastic bimaterials is considered. The interface is perpendicular to the crack plane. The material
properties and the distance between the crack tip and the interface are systematically varied. The effect of the material
inhomogeneity is captured in form of a quantity called ‘‘material inhomogeneity term’’, Cinh. This term can be evalu-
ated either by a simple post-processing procedure, following a conventional finite element stress analysis, or by com-
puting the J-integral along a contour around the interface, Jint. The effective crack driving force, Jtip, can be
determined as the sum of Cinh and the nominally applied far-field crack driving force, Jfar. The results show that Cinh

can be accurately determined by both methods even in cases where Jtip-values are inaccurate. When a crack approaches
a stiff/compliant interface, Cinh is positive and Jtip becomes larger than Jfar. A compliant/stiff transition leads to a
negative Cinh, and Jtip becomes smaller than Jfar. The material inhomogeneity term, Cinh, can have the same order
of magnitude as Jfar. Based on the numerical results, the dependencies of Cinh on the material parameters and the
geometry are derived. Simple expressions are obtained to estimate Cinh.
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1. Introduction

Numerous researchers have demonstrated in theoretical and experimental studies that, if the material
properties vary in the direction of the crack extension, the effective crack driving force (measured in terms
of the stress intensity, K, or the near-tip J-integral, Jtip) becomes different from the nominally applied far-
field crack driving force. Speaking in terms of the concept of material forces, the reason is that the material
inhomogeneities induce an additional crack-driving force term, called the material inhomogeneity term,
Cinh, which leads to a crack tip shielding or anti-shielding effect. The effective driving force, Jtip, is given
by the sum of the nominally applied far-field crack driving force, Jfar, and Cinh. This inhomogeneity effect
is important for understanding the fracture behavior of all multiphase or composite materials, functionally
gradient materials, as well as brazed or welded components and materials with special surface treatments,
such as nitrided or case-hardened steels, or any coated material. The inhomogeneity effect offers also a
promising basis for the design of materials and structural components where a variation of the material
properties is intentionally introduced to increase the fracture resistance.

Experimental evidence that bimaterial interfaces influence crack growth can be found, e.g., in Suresh
et al. (1992, 1993), Pippan et al. (2000). There exists a broad literature about the fracture mechanics of inho-
mogeneous materials. An extensive literature review is given in Simha et al. (2003) and shall not be repeated
here. Very recent studies have been presented, e.g., by Jivkov and Ståhle (2003), Weichen (2003), Bahr et al.
(2003), Kim and Paulino (2003), Rao and Rahman (2003), Wang et al. (2003), and Abendroth et al. (2002).
Apart from the latter one, these recent papers deal with cracks in functionally graded materials. Classical
fracture mechanics papers treat only elastic materials with restrictions regarding the geometry of the con-
sidered problem. Some numerical investigations have examined the effect of inhomogeneities in elastic–
plastic materials. These studies show that Jtip is different from Jfar, but the explanations are specific and
cannot be easily extrapolated to general situations. Moreover, it has been noticed that it is a non-trivial task
to accurately compute the crack-tip driving force Jtip when the crack tip comes close to an interface. It will
be seen that our approach avoids these numerical complications as Jtip is determined from Cinh and Jfar, and
the latter values are easier to compute.

The concept of material forces, which is based on ideas by Eshelby (1970), is outlined in books by Mau-
gin (1993), Gurtin (2000), and Kienzler and Herrmann (2000). The theory is appropriate for analyzing the
behavior of all kinds of inhomogeneities in materials, such as point defects, dislocations, cracks, interfaces,
phase boundaries, voids, or inclusions. The material forces approach has been used extensively to study
fracture. Derivations of the crack driving force are found, e.g., in Gurtin and Podio-Guidugli (1996),
Kienzler and Herrmann (2000), Simha (2000), and Steinmann (2000). The implementation into the finite
element method has been demonstrated recently, e.g., in Steinmann et al. (2001), Kolling et al. (2002),
Mueller and Maugin (2002), Mueller et al. (2002), and Denzer et al. (2003). However, only a few papers
have examined the effect of inhomogeneous material properties on fracture. Honein and Herrmann
(1997) used an invariant path-integral approach, but this derivation is restricted to a special distribution
of inhomogeneities in elastic bodies. Maugin (1993) explores inhomogeneity effects in a general framework,
but does not treat the effect of inhomogeneities on cracks.

In recently published papers, the material inhomogeneity term, Cinh, has been derived from the concept
of material forces, first for a continuous variation of the material properties (Simha et al., 2003). Then, the
theory has been extended to discrete jumps of the material properties at a sharp interface (Simha et al.,
submitted). The derivations do not require specific spatial distributions of the material inhomogeneities
or specific constitutive relations of the materials. The material inhomogeneity term, Cinh, can be evaluated
by a simple post-processing procedure, following a conventional finite element stress analysis. The ability of
the procedure has been demonstrated in the above mentioned papers on a few selected examples. It has
been shown that Cinh is positive and Jtip becomes larger than Jfar, if a crack grows towards a more
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compliant and/or lower strength material. A transition into a stiffer and/or higher strength material leads to
a negative Cinh, and Jtip becomes smaller than Jfar.

For both material scientists and engineers, it is important to predict for which material combinations the
material inhomogeneity term has a large influence on the fracture behavior, for which it can be neglected,
and which possibilities it offers for optimizing composite materials and structural components. Therefore,
we want to present in this paper a comprehensive case study for a fracture mechanics specimen with a sharp
bimaterial interface. The properties of the two materials and the distance between the crack tip and the
interface are systematically varied, and Cinh and Jtip are evaluated for different values of Jfar. The different
influence factors on the material inhomogeneity term are worked out and, if possible, scaling relations are
derived. Due to page limitations, we consider here only the effect of an inhomogeneity of the elastic mod-
ulus in both linear elastic and elastic–plastic bimaterials. The other cases, the effect of an inhomogeneity in
the yield stress and in the strain hardening exponent, and the simultaneous variation of all the material
parameters, will be treated in separate papers.
2. The crack driving force in bimaterial specimens

The relevant equations for evaluating the material inhomogeneity term have been derived in Simha et al.
(2003, submitted), and the derivations shall not be repeated here. Only the relevant equations shall be given.
Fig. 1 shows a two-dimensional body containing a crack and a sharp interface R. If the materials on the left
and right of the interface are homogeneous and if there is a jump of the material properties at the interface,
the material inhomogeneity term is given by
Fig. 1.
there is
interfa
Cinh ¼ �e �
Z

R
ð½½/��I� hri � ½½gradu��Þ � nds: ð1Þ
r is the Cauchy stress, u the displacement, I the identity matrix, e the unit vector in the direction of crack
growth, and n the unit normal to the interface R. The stored elastic energy density, /, is a function of the
A bimaterial body containing a crack and a sharp interface. The materials left and right of the interface are homogeneous and
a jump of the material properties at the interface. e is the unit vector in the direction of crack growth, n the unit normal to the
ce, and n̂ is the outer unit normal to the contours Gr, Gint, and Gfar where the J-integral is evaluated.
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linear strain tensor, e ¼ ðgraduþ graduTÞ=2. In Eq. (1), the jump in a quantity a at the interface is
designated as [[a]] = (a+ � a�), and hai = (a+ + a�)/2 is the average across the interface, where a+ and
a� denote the limiting values of the quantity on either side of the interface. Note that the unit normal n
points from the ‘‘–’’ to the ‘‘+’’ side. The tractions and displacements are continuous at the interface;
the strain does not need to be continuous and is restricted by the Hadamard compatibility conditions
(see Simha et al., submitted).

To compute the material inhomogeneity term, Eq. (1) has been transformed to (Simha et al., submitted)
Cinh ¼ �
Z

R
ð½½/�� � hriki½½eik��Þnjej ds: ð2Þ
If there is no sharp interface in the body, but instead a continuous variation of the material properties,
the material inhomogeneity term becomes, with x being the position vector in the reference coordinate,
Cinh ¼ �e �
Z
D

o/ðe; xÞ
ox

dA: ð3Þ
In Eq. (3), D is the region between the contour around the crack tip, Gr, and the external boundary of the
body, Gfar. Note that, when applying Eq. (3), the elastic energy density / does not only depend on the local
strain but also explicitly on x. To make this clear, consider an elastic body with a crack as depicted in Fig. 1,
but with the sharp interface replaced by a gradient layer between Material 1 and Material 2. Let the elastic
modulus be a smooth function of the reference coordinate within the layer, E = E(x), but constant left and
right of the layer, E = E1 and E = E2, respectively. All other material properties shall be constant through-
out the whole body. Although the strain field e varies (with x) throughout the whole body, a contribution to
the material inhomogeneity term arises only in the interlayer where o/

ox
¼ o/

oE
oE
ox
is non-zero.

In the equations above, the integral in the right-hand side is a vector representing the total material force
induced by the sharp interface (Eq. (1)) or the continuous variation of the material properties in the volume
D (Eq. (3)). The scalar quantity Cinh is the projection of this vector in the direction of the crack growth, e,
and give the energy that is released during a unit crack extension due to these material inhomogeneities.

By definition, the effective, near-tip crack driving force, Jtip, can be evaluated as (Simha et al., 2003)
J tip ¼ e � lim
r!0

Z
Gr

/I� graduTr
� �

� n̂ds; ð4Þ
which is identical to the J-integral of fracture mechanics (e.g., Rice, 1968). In Eq. (4), Gr is a circle of radius
r, centered at the crack tip, and n̂ is the outer normal to the contour Gr.

When material inhomogeneities are present, the effective crack driving force is given by
J tip ¼ J far þ Cinh; ð5Þ

where Jfar is the J-integral along the external boundary of the body, Gfar. For a body with homogeneous
material properties, Cinh = 0 and J is path independent. If the material is inhomogeneous, but the material
properties do not vary in the direction of crack extension, e.g., the body has an interface parallel to the
crack, the integrals in Eq. (1) or (3) have a non-zero component only perpendicular to the unit vector in
the direction of crack growth, e. Thus, Cinh = 0 and J is again path independent, compare also Eq. (2).

After a conventional finite element stress analysis, the material inhomogeneity term, Cinh, can be eval-
uated from Eq. (2). It has been demonstrated in Simha et al. (submitted) that for a sharp interface, there
is an alternative method to compute the material inhomogeneity term by evaluating the J-integral along a
contour Gint around and close to the interface,
J int ¼ e �
Z
Gint

/I� graduTr
� �

� n̂ds: ð6Þ
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It can be shown that
Fig. 2.
integra
Cinh ¼ �J int: ð7Þ

Finally, it should be noted that the integral, Eq. (6), can be also deduced from the standard J-integral con-
cept, e.g., by extending the integration path Gfar in Fig. 1 upwards and downwards along the interface. If no
singularities occur at the points where the interface intersects the free surface, the J-integral splits into two
terms. The first term is Jfar, the second one is �Jint (see Kichuchi and Miyamoto, 1984). As outlined in
Simha et al. (submitted), the material forces concept, which has the advantage that it is a general concept
which is free from any restricting assumptions on the material behavior, leads to the well known special
solution reported above.

In the following, a case study is presented where the above equations are applied.
3. Numerical realization

We consider a compact tension (CT-) specimen (according to the ASTM or ESIS standards) made of two
homogeneous isotropic materials, separated by a sharp interface. The specimen width is W = 50 mm, the
height from the crack plane to the upper or lower surface is h = 30 mm, and the crack length a = 29 mm.
The sharp interface is perpendicular to the crack plane, a distance L in front of the crack tip. For modeling
the effect of different distances between crack tip and interface, the crack length is kept constant and the
position of the interface in the specimen is varied.

We use the finite element (FEM) program (ABAQUS, http//www.hks.com) to perform the stress anal-
ysis. Fig. 2 shows the mesh of the specimen. The minimum mesh dimension is 0.013 mm at the crack tip and
0.05 mm at interface.

Isotropic, linear elastic or elastic–plastic materials are assumed to be perfectly bonded at the interface.
Elastic–plastic materials are modeled using the incremental plasticity model provided by ABAQUS. The
computations are performed under plane strain conditions. It is assumed that the problems investigated
can be analyzed accurately enough by using the small strain formulations. The loading is controlled by
prescribing the load-line displacement. Once the equilibrium stress and strain fields are known for each
Finite-element mesh of the CT-specimen with a bimaterial interface perpendicular to the crack. The paths for evaluating the J-
ls around the crack tip and the interface, as well as the far-field J-integral are indicated.

http://http//www.hks.com
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increment of displacement, the material inhomogeneity term, Cinh, the values of the J-integrals, Jtip and Jfar,
and the J-integral around the interface, Jint, will be calculated independently to check whether Eqs. (5) and
(7) are fulfilled.

To compute the material inhomogeneity term according to Eq. (2), the values of the stress and strain
components can be taken either directly from the integration points of the elements, or from extrapolated
values at the nodes of the elements on both sides of the interface. The integration along the interface can be
performed by the numerical integration method (in the case where the values at the integration points are
used), or by simply using the trapezoid formula. For this paper, the extrapolated values and the trapezoid
formula are used. In order to get sufficient accuracy, the FEM mesh must be fine enough around the crack
tip and along the whole interface. Test calculations have shown that higher order elements, e.g., two-
dimensional 8-node elements, give much better results than the first order elements. Hence, higher order
elements are used.

The values of the J-integral are evaluated using the virtual crack extension method of ABAQUS. A rec-
tangular contour near the outer specimen boundary is used for the evaluation of Jfar. To test the procedure,
the J-integral was calculated for a series of contours around the crack tip. Special crack tip elements were
tested to model the different singularities for, e.g., the linear elastic and ideally plastic cases. Although the
FEM solutions did not coincide in the elements directly adjacent to the crack tip, the J-values had only
small variations, if the contours were a few elements away from the tip (and did not cross the interface).
Hence, such a contour is used to calculate Jtip. Nevertheless, as will be seen below, Jtip can become inac-
curate for small L and high loading.

The J-integral around the interface, Jint, is also evaluated using the virtual crack extension method of
ABAQUS. This is done by specifying the set of nodes on the interface as virtual crack tip nodes. Even a
contour directly adjacent to the interface yields very accurate results. For the evaluation of the J-integral,
the virtual crack growth direction must be specified; it is the (1,0)-direction (see Fig. 2). If the same virtual
growth direction is taken also for the interface, we get Jint = �Cinh as in Eq. (7); if the (�1,0)-direction were
taken, Jint would have the same value but the opposite sign.

Thus, we can get three independent values of the material inhomogeneity term, Cinh: (1) directly from
Eq. (2), (2) from the J-integral around the interface, Jint, and Eq. (7), (3) from the difference between
the near-tip and the far-field J-integral, Eq. (5). These values can be used to assess the accuracy of the
computations.
4. A case study: Compact tension specimen containing a bimaterial interface

4.1. Linear elastic materials

First, we consider bimaterial specimens consisting of two linear elastic materials with different elastic
modulus. The Poisson�s ratio is taken as m = 0.3 for both materials. The computations are performed for
a stationary crack, but the distance between crack tip and interface is varied, �2.5 mm6L6 2.5 mm.

In Fig. 3, the results are presented for two materials with a Young�s modulus of E = 70 GPa (corre-
sponding to aluminum) and 210 GPa (corresponding to steel) and a distance between crack tip and inter-
face, L = 1.25 mm. The material inhomogeneity term, Cinh, the J-integral around the interface, Jint, and the
difference of the near-tip and the far-field J-integrals, Jtip � Jfar, are plotted vs. the nominally applied far-
field crack driving force, Jfar. Two cases are presented: The upper curves belong to the case where steel is
Material 1, to the left of the interface with the crack mouth in it (compare Fig. 2), and aluminum is Material
2, on the right-hand side. We call this case ‘‘stiff/compliant transition’’. Cinh is positive and enhances the
effective near-tip crack driving force, Jtip (see Eq. (5)). The lower curves in Fig. 3 belong to the case where
aluminum is on the left-hand side and steel on the right-hand side (compliant/stiff transition). Here, Cinh is
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negative and diminishes Jtip. In both cases, the absolute size of the material inhomogeneity term, jCinhj, in-
creases linearly with Jfar. This is expected for purely elastic materials as, according to the K-field solution,
the elastic strain energy density is proportional to Jfar. A closer look reveals that the absolute sizes of Cinh

are similar, but not equal for the two cases, stiff/compliant and compliant/stiff transition. It is further seen
from Fig. 3 that Cinh coincides with both Jint and Jtip � Jfar, as it should be according to Eqs. (5) and (7).

In Simha et al. (2003), a 0.5 mm thick layer with a linear variation of the Young�s modulus between
Material 1 and Material 2 was considered. The distance between crack tip and the midsection of the layer
was 1.25 mm. A comparison to the solution of a sharp interface resulted coinciding Cinh vs. Jfar curves
(Simha et al., 2002). It should be noted that, due to difficulties in the numerical evaluation, plane stress con-
ditions were assumed in both studies. Compared to the results of these studies, the absolute values of the
slopes of the Cinh vs. Jfar curves for plane strain conditions, Fig. 3, are 2% and 4% lower for the stiff/
compliant and compliant/stiff transition, respectively.

Fig. 4 shows a similar diagram for L = 0.15 mm, but more curves are included. It is seen that those
curves coincide where the ratio of the Young�s modulus, M = E1/E2, is identical, e.g., the curve for
E1 = 630 GPa and E2 = 210 GPa coincides with the curve for E1 = 210 GPa and E2 = 70 GPa. In spite
of the small distance between crack tip and interface, the Cinh-values come again close to both the Jint-
and the (Jtip � Jfar)-values, even for high values of Jfar. The curves are clearly non-symmetric with respect
to the line Cinh = 0; the stiff/compliant transition produces larger jCinhj-values than the compliant/stiff tran-
sition. The reason is that for the compliant/stiff transition, Cinh is negative and reduces Jtip, Eq. (5). As the
effective crack driving force cannot become negative, Cinh P �Jfar so that Jtip P 0. The limiting line
Cinh = �Jfar (for M ! 0) is also indicated in Fig. 4. For the stiff/compliant transition, the slope of the Cinh

vs. Jfar curve becomes infinite for M ! 1. The small insertion in Fig. 4 depicts the Cinh-, Jint-, and the
(Jtip � Jfar)-curves for M = 104 and M = 10�4. The lower curve, for E1 = 21 MPa, E2 = 210 GPa, fits well
to the limiting curve, Cinh = �Jfar.

Similar computations are repeated for negative L, i.e., when the crack has penetrated through the inter-
face so that the crack tip is actually in Material 2. Fig. 5 collects all data: The slope of the Cinh vs. Jfar curve,
k = Cinh/Jfar, is plotted against L for different Young�s modulus ratios M. Note that from Eq. (5), the effec-
tive, near-tip crack driving force becomes Jtip = Jfar(1 + k). Thus, Fig. 5 shows the relative change of the
effective crack driving force due to the elastic modulus inhomogeneity, compared to a homogeneous mate-
rial which is loaded to the same Jfar. For example, the crack driving force is increased by 63% for a Young�s
modulus ratio M = 2 and L = 0.3 mm. The curves shows that jkj increases when the distance between the



Fig. 4. Material inhomogeneity term, Cinh, J-integral around the interface, �Jint, and the difference of the near-tip and the far-field J-
integral, Jtip � Jfar, for a linear elastic bimaterial specimen. The curves coincide when the ratio of the Young�s modulus, M = E1/E2, is
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compliant/stiff transition when the Young�s modulus ratio, M! 0.
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crack tip and the interface, L, decreases, but the curves are not symmetric with respect to the line k = 0. If
the crack tip approaches the interface, L ! 0, the slope k approaches infinity for the stiff/compliant tran-
sitions, but k approaches �1 for the compliant/stiff transitions. It is also seen that the curves are not
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symmetric with respect to the line L = 0: For the same distance to the crack tip, the interface induces smal-
ler values of jCinhj for L < 0 than for L > 0.

In Simha et al. (2003), an estimate has been presented:
k ¼ Cinh

J far
¼ 1

4pð1� mÞ
E1 � E2

E1 þ E2

W; ð8Þ
with
W ¼ ð3� 4mÞ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ L2

p
þ hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h2 þ L2
p

� h

 !
þ 4ð1� 2mÞ arctan h

L

� 	
� 2hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h2 þ L2
p : ð9Þ
In Eq. (9), h is half of the height of the specimen, or the maximum distance between a point along the inter-
face and the crack plane. (Remember, for our specimen geometry, h = 30 mm.) The following simplifying
assumptions were adopted in this estimate:

1. The stresses were taken from the K-field solution of homogeneous materials. Thus, the sharp interface
and inhomogeneous material properties were ignored.

2. For calculating the stresses at the sharp interface, the elastic modulus was taken to be the average
(E1 + E2)/2.

Due to these assumptions, W cannot be accurate, and the estimated Cinh-values are too high, e.g., by a
factor�0.665 for L = 1.25 mm. Taking this factor into account, Eq. (8) tends to overestimate Cinh compared
to the FEM result for the stiff/compliant transitions and to underestimate Cinh for the compliant/stiff transi-
tions whenL! 0. The reason is thatW approaches infinity forL! 0, and Eq. (8) yields k–L curves which are
symmetric with respect to the line k = 0. Nevertheless, Eq. (8) demonstrates that for linear elastic bimaterials,
the material inhomogeneity term is proportional to Jfar and the relative jump of the Young�s modulus at the
interface. Note that the term (E1 � E2)/(E1 + E2) = (M � 1)/(M + 1) is identical to the first Dundurs param-
eter (Dundurs, 1969) for plane strain conditions and constant Poisson�s ratio.

4.2. Elastic–plastic materials

Next, we consider bimaterial specimens consisting of two linearly elastic-ideally plastic materials. The
two materials shall have the same yield stress but different elastic modulus. In both materials, the Poisson�s
ratio is set to m = 0.3 for the elastic regime and m = 0.5 for the plastic regime. The stress and strain analysis
is performed using the incremental plasticity model provided by ABAQUS. It should be noted, however,
that for calculating Cinh by Eq. (2), / is taken as the total strain energy density and eik as the components
of the total strain. Thus, in the post-processing procedure, the material is treated as if it were non-linear
elastic.

Fig. 6 compares Cinh to Jint and (Jtip � Jfar) for L = 1.25 mm and a yield stress of ry = 500 MPa (and a
strain hardening exponent N = 0 as the material is non-hardening). Cinh coincides with Jint even at very
large values of Jfar, but (Jtip � Jfar) coincides only for small Jfar-values. The deviation starts between
JfarP 80 kJ/m2 (for E1 = 210, E2 = 140 GPa) and is caused by the relatively low accuracy in the calculation
of Jtip. For smaller L, the deviation starts even earlier, e.g., at JfarP 15 kJ/m2 (for L = 0.15). It will be seen
in the next section that the error in Jtip is not caused due to the non-hardening material (see Fig. 11). Cinh

and Jint always show a good coincidence; e.g., for L = �0.15 mm and ry = 900 MPa, which is the worst
case, the maximum deviation is 3%.

For small values of Jfar, the slopes of the Cinh vs. Jfar curves come close to those of the corresponding
linear elastic case (compare Fig. 6 and Fig. 3). We call these parts of the curves ‘‘quasi-linear parts’’,



Fig. 6. Material inhomogeneity term, Cinh, J-integral around the interface, �Jint, and the difference of the near-tip and the far-field J-
integral, Jtip � Jfar, for an elastic-ideally plastic bimaterial specimen with constant yield stress and an inhomogeneity in the Young�
modulus. The Cinh vs. Jfar curves approach a saturation value at high Jfar.
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although a closer look reveals that the curves are not linear but have rather a sigmoidal shape. The curves
for the stiff/compliant transition are steeper, the curves for the compliant/stiff transition are flatter, com-
pared to the linear elastic case. With increasing Jfar, the Cinh vs. Jfar curves become flatter and flatter
and approach a saturation value, Ĉinh, at high Jfar. The Ĉinh-values differ strongly for the different Young�s
modulus ratios and are not fully symmetric regarding the line Cinh = 0.

Curves similar to Fig. 6, but for plane stress conditions, have been published in Simha et al. (2003) for a
0.5 mm thick graded layer and in Simha et al. (2002) for a sharp interface. The graded layer produced
slightly (�10%) lower Cinh-values than the sharp interface. It should be noted that Kim et al. (1997) com-
pared the material inhomogeneity effect in a bimaterial with constant elastic modulus but different yield
stresses to those in a bimaterials with a graded interlayer. The comparison has been made by computing
the near-tip J-integral, Jtip, for given far-field values, Jfar. The computations were made for plane stress con-
ditions. Only small differences have been found between the graded and the sharp transition. Contrary to
the linear elastic case, here a big difference between plane stress and plane strain conditions appears: for
plane strain conditions, the saturation value of the material inhomogeneity term, Ĉinh, is much higher
(by nearly a factor 3) and the saturation value is reached at a much higher Jfar.

Fig. 7 shows the effect of different yield stresses for L = 0.60 mm. It is seen that the saturation value, Ĉinh,
depends strongly on the yield stress. It is clear that the inhomogeneity effect saturates when the plastic zone
has reached its maximum size and the specimen has reached the limit load. For materials with a lower yield
stress, the saturation is reached earlier, and the saturation value, Ĉinh, is smaller than for the materials with
a higher yield stress. Saturation is reached earlier (i.e., at lower Jfar-values) and the Ĉinh-values are smaller
for the compliant/stiff transition than for the stiff/compliant transition.

Curves similar to those of Figs. 6 and 7 are generated for all other L-values between �2.5 mm6L6 2.5
mm but are not presented here. Instead, Fig. 8 presents an overview of the size of the material inhomoge-
neity term for a Young�s modulus of 210 and 70 GPa, respectively, and a yield stress of ry = 500 MPa. For
different values of Jfar between 40 and 240 kJ/m2, Cinh is plotted against the distance between the crack tip
and the interface, L. When a crack approaches the interface to a more compliant material (at constant Jfar),
Cinh first increases with decreasing L, reaches a maximum value at a distance between L = 0.6 mm (for
Jfar = 40 kJ/m2) and L = 1.3 mm (for Jfar = 240 kJ/m2), and then decreases. When the crack has penetrated
the interface, the decrease of Cinh slows down and the inhomogeneity effect seems to approach an asymp-
totic value. The strong non-symmetry with respect to the line L = 0 occurs because of the forward
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orientation of the plastic zone, i.e., the plastic zone is not circular and centered to the crack tip but has its
maximum extension at a certain angle (h � 70� for a homogeneous material) with respect to the crack
plane. Again, it is seen that the Cinh vs. L curves are not fully symmetric with respect to the line Cinh = 0.
It should be also noted that at a loading of Jfar = 240 kJ/m2, the material gradient term has reached its
saturation value, Ĉinh, for all values of L. Thus, the maximum Ĉinh-values for this material combina-
tion and geometry are 78 kJ/m2 for the stiff/compliant transition and 63 kJ/m2 for the compliant/stiff
transition.

Fig. 9 shows the deformation of the bimaterial specimen with E1 = 210, E2 = 70 GPa, ry = 500 MPa,
L = 1.25 mm for a loading corresponding to Jfar = 237 and 350 kJ/m2, respectively. At both Jfar-values,
the saturation value, Ĉinh, has been reached and the Cinh vs. Jfar curve is horizontal, see Fig. 6. The iso-lines
in Fig. 9 indicate the equivalent plastic strain. It is seen that the shape of the plastic zone remains
unchanged at the interface; it changes only in Material 2.



Fig. 9. The shape of the plastic zone at Jfar = 237 kJ/m2 and Jfar = 350 kJ/m2 for a bimaterial specimen with E = 210/70 GPa,
ry = 500 MPa, L = 1.25 mm. The iso-lines indicate the equivalent plastic strain.
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In the following, the scaling relations for the maximum Ĉinh-values shall be discussed. The stress–strain
curves of two material points left and right of the interface are depicted schematically in Fig. 10. The strain
energy density, /, of Material 1 is given by the area [0–2–4–7–0], those of Material 2 by the area [0–3–5–6–
0]. When forming now the integrant of Eq. (2), [[/]] � r[[e]], it is seen that the area [4–5–6–7–4] cancels and
there remains the area [0–2–3–0]. This area can be expressed as r2

y
E1�E2
2E1E2

. Integrating now this expression
along the whole interface of length 2h yields a simple estimate for the maximum Ĉinh-values,
maxðĈinhÞ � r2
y

E1 � E2

E1E2

h: ð10Þ
According to this estimate, the maximum Ĉinh-values should not depend on the ligament length, b =W � a,
although the limit load does. Fig. 11 compares the estimated maximum Ĉinh-values from Eq. (10) to the
values determined by the computations. The agreement is good; the relative error is always less than 10%.



Fig. 10. Schematic stress–strain curves of two material points left and right of the interface for an elastic-ideally plastic bimaterial
specimen with constant yield stress and an inhomogeneity in the Young� modulus. The strain energy density of Material 1 is given by
the area [0–2–4–7–0], those of Material 2 by the area [0–3–5–6–0]. The material inhomogeneity term is largely influenced by the area
[0–2–3–0].
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4.3. Effect of strain hardening

Up to now, we have considered bimaterial specimens consisting of two non-hardening materials. Now
the influence of the strain hardening coefficient on the material inhomogeneity term for bimaterials with
a Young�s modulus inhomogeneity shall be examined. The computations are made for a Young�s modulus
of either 210 or 70 GPa, a yield stress ry = 500 MPa, and L = 0.60 mm. A power-law hardening material is
assumed,
r ¼ ry

e
ey

� 	N

; ð11Þ
where ey denotes the yield strain, ry/E. It is seen in Fig. 12 that the Cinh-values do not saturate for N = 0.1
and N = 0.2. For large loading, Cinh increases appreciably due to the hardening, e.g., at Jfar = 380 kJ/m2,
the value of Cinh for N = 0.2 is roughly twice that of the non-hardening material. It is interesting that for
the compliant/stiff transition the work hardening has only a small influence on Cinh until the point where



Fig. 12. The effect of the strain hardening on the material inhomogeneity term, Cinh, for an elastic-ideally plastic bimaterial specimen
with constant yield stress and an inhomogeneity in the Young�s modulus (210 and 70 GPa, respectively). N is the exponent of the
power-law hardening stress–strain curve.
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the non-hardening curve saturates; this is not so for the stiff/compliant transitions. Cinh and Jint coincide
well, but (Jtip � Jfar) shows some deviation for larger Jfar-values, especially, for the stiff/compliant
transition.
5. Summary

A case study has been presented, exploring how a sharp bimaterial interface perpendicular to the crack
plane influences the effective crack driving force in a fracture mechanics specimen. The effect of an inhomo-
geneity of the elastic modulus, E, in linear elastic and elastic–plastic (non-hardening and hardening) bima-
terials under plane strain conditions has been examined. The material properties and the distance between
the crack tip and the interface, L, have been systematically varied. The effect of the material inhomogeneity
is captured in form of the material inhomogeneity term, Cinh. This term can be either evaluated by a simple
post-processing procedure following a conventional finite element stress analysis, or by evaluating the
J-integral along a contour around the interface, Jint. The effective, near-tip crack driving force, Jtip, is
the sum of Cinh and the nominally applied far-field crack driving force, Jfar.

When a crack approaches the interface to a more compliant material, the material inhomogeneity term,
Cinh, is positive and Jtip becomes larger than Jfar; a transition into a stiffer material leads to a negative Cinh,
and Jtip becomes smaller than Jfar. This is so also if the crack has already penetrated the interface.

For linear elastic bimaterials, Cinh is proportional to Jfar, the first Dundurs parameter, (E1 � E2)/
(E1 + E2), and a geometry factor, W(L,h), where h is the half-height of the specimen perpendicular to
the crack-plane. When the crack comes close to the interface, Cinh can become very large so that, in the
limit for L = 0, the crack driving force reduces to zero for the compliant/stiff transition; for the stiff/com-
pliant transition, the crack driving force becomes infinite.

For elastic–plastic bimaterials with a constant yield stress, ry, and zero hardening, Cinh first increases
with Jfar, but reaches finally a saturation value, Ĉinh. The maximum possible saturation value,Ĉinh, which
appears when the crack tip is some distance before the interface, scales with r2

y, ðE1 � E2Þ=ðE1E2Þ, and h.
For a strain hardening material, Cinh does not reach a saturation value and may increase appreciably above
the Ĉinh-value of a comparable non-hardening material.
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The results in this paper show that the effective crack driving force, Jtip, can be accurately determined as
the sum of the material gradient term, Cinh, and the nominally applied far-field crack driving force, Jfar,
even in cases where a direct evaluation of Jtip does not yield satisfying results.

The effect of the inhomogeneity of the yield stress and the strain hardening exponent, and the simulta-
neous variation of all the material parameters, will be treated in a separate paper. The strong influence of
material inhomogeneities on the crack driving force offers great possibilities for optimizing composite mate-
rials and structural components by an intentional variation of the material properties so that the fracture
resistance increases. For functionally graded or layered materials some examples are shown in Kolednik
(2000).
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